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The Schmidt number is an entanglement measure whose logarithm quantifies the zero-error entan-
glement cost of generating a given quantum state using local operations and classical communication
(LOCC). In this paper we show that the Schmidt number is highly non-multiplicative in the sense
that for any integer n, there exists states whose Schmidt number remains constant when taking n
copies of the given state. These states also provide a rare instance in which the regularized zero-
error entanglement cost can be computed exactly. We then explore the question of increasing the
Schmidt number by quantum operations. We describe a class of bipartite quantum operations that
preserve the Schmidt number for pure state transformations, and yet they can increase the Schmidt
number by an arbitrarily large amount when generating mixed states. Our results are obtained
by making connections to the resource theory of quantum coherence and generalizing the class of
dephasing-covariant incoherent operations (DIO) to the bipartite setting.
INTRODUCTION
Quantum entanglement and quantum coherence de-
scribe two of the most prominent features of quantum
systems, and they represent strong departures from the
classical description of matter. Within quantum informa-
tion science, entanglement has been characterized as an
operational resource that can be employed in a “distant-
lab” setting to perform some task, such as teleportation
[1]. This notion of resource is made precise in the frame-
work of a quantum resource theory [2–4]. Broadly speak-
ing, a quantum resource theory studies quantum informa-
tion processing under a restricted class of operations, and
certain quantum states, called resource states, cannot be
generated by these operations.
In the resource theory of entanglement, local opera-
tions and classical communication (LOCC) are the al-
lowed operations, and the states that cannot be gener-
ated by LOCC, i.e. entangled states, are the resource
states. Other resource theories have been studied in the
literature that still hold entanglement (or at least NPT
entanglement) as a resource, but they nevertheless al-
low for operations distinct from LOCC, such as sepa-
rable operations [5, 6], non-entangling operations [7, 8],
and PPT operations [9]. While these latter resource the-
ories lack the direct physical motivation characteristic
of LOCC, they are nevertheless valuable to understand-
ing the structure of quantum entanglement and deriving
analytic bounds on what is possible by LOCC. Another
such operational “cousin” (or perhaps “second cousin”)
to LOCC will be studied in this paper with the aim of
shedding new light on the nature of the zero-error entan-
glement cost for generating a given quantum state.
Motivated by results in the resource-theoretic study of
entanglement, much interest has recently been placed in
formulating a resource theory of quantum coherence [10–
13]. The essential aim behind this research direction is to
capture coherent superposition as a fungible non-classical
resource possessed by certain quantum states that can
be quantified and manipulated. Many similarities exist
between the resource theories of coherence and entan-
glement. One example of this commonality discussed in
this paper is the Schmidt/coherence number and its op-
erational interpretation as the zero-error resource cost.
We begin in Sections and by reviewing these objects in
entanglement and coherence theories, respectively. We
then investigate different operational properties of the
coherence number in Section and formally map these re-
sults to the Schmidt number of entanglement theory in
Section .
THE SCHMIDT NUMBER AND
ENTANGLEMENT COST OF A BIPARTITE
QUANTUM STATE
For a bipartite state ρAB, the task of state prepa-
ration, or entanglement dilution, involves transforming
an m-dimensional maximally entangled state |Φm〉 =√
1/m
∑m−1
i=0 |i〉|i〉 into ρ using LOCC. In practice, one
would like to minimize the amount of entanglement con-
sumed in this task, and this optimal amount quantifies
the zero-error entanglement cost of the state ρ, defined
as
E(0)c (ρ) = min{logm : inf
Λ∈L
||Λ(Φm)− ρ||1 = 0}, (1)
where Φm = |Φm〉〈Φm|, ||A||1 = Tr
√
A†A, and the in-
fimum is taken over the set L of all LOCC maps act-
ing on Φm. In the definition of E
(0)
c (ρ), the prepara-
tion of the target state ρ is required to be perfect, a
2condition typically too stringent for experimental imple-
mentations. Instead, it is common to consider a many-
copy preparation and/or allow for ǫ-error [14]. Intu-
itively, one might expect that preparing two copies of
a bipartite state ρ in, say, the zero-error case, requires
twice as much entanglement as when preparing just one
copy. Surprisingly this intuition turns out to be incor-
rect, i.e E
(0)
c (ρ⊗2) 6= 2E(0)c (ρ), a phenomenon known as
non-additivity.
To understand the origin of non-additivity in zero-error
state preparation, it is helpful to use a more mathemat-
ically analyzable characterization of Ec than its opera-
tional definition in Eq. (1). From basic results in the
study of LOCC entanglement transformations, it follows
that the zero-error entanglement cost of a state ρ is given
precisely by the logarithm of its Schmidt number [15, 16].
Recall that the Schmidt number of a pure state |ϕ〉, de-
noted as rS(ϕ) and also called the Schmidt rank, is the
smallest m such that |ϕ〉 can be expressed as a sum of m
product states, i.e. |ϕ〉 =∑mi=1√λi|αi〉|βi〉. In Ref. [17],
Terhal and Horodecki extended this definition to mixed
states as
rS(ρ) = inf{pi,|ψi〉}
max
i
rS(ψi), (2)
where the minimization is taken over all pure state en-
sembles such that ρ =
∑
i pi|ψi〉〈ψi|.
With the equivalence E
(0)
c (ρ) = log2 rS(ρ), non-
additivity of E
(0
c can then be seen as arising from the
freedom that exists in representing ρ⊗2 as a mixture of
pure states, a freedom which allows for entanglement
across the Hilbert space of each copy. In their origi-
nal paper, Terhal and Horodecki already discovered that
the Schmidt number is non-additive. Specifically, they
showed that E
(0)
c (ρ⊗2) = E
(0)
c (ρ) for certain entangle-
ment Werner states. A natural subsequent question to
consider is how non-additive the Schmidt number can be.
As our first main result, we show that the non-additivity
can be arbitrarily large. More precisely, for any n ∈ N,
we describe a two-qubit entangled state ρ such that
rS(ρ
⊗n) = rS(ρ). (3)
Physically this means that just as much entanglement is
needed to prepare n copies of the state by LOCC than is
needed to prepare just a single copy.
Given the non-additivity of E
(0)
c , a perhaps more ap-
propriate way to measure the intrinsic resource cost of
exactly preparing a given state is through regularization.
The regularized zero-error entanglement cost is defined
as
E(0,∞)c (ρ) = lim
n→∞
1
n
E(0)c (ρ
⊗n)
= lim
n→∞
1
n
log2
[
rS(ρ
⊗n)
]
. (4)
This can be equivalently expressed as the optimal asymp-
totic rate of entangled bits (ebits) |Φ2〉 consumed per
copy of ρ perfectly generated. That is,
E(0,∞)c (ρ) = inf{r : limn→∞{ infΛ∈L ||Λ(Φ
⊗⌈rn⌉
2 )−ρ⊗n||1 = 0}}.
(5)
A more familiar quantity is called the entanglement cost
of the state ρ [18, 19], and it is defined as
Ec(ρ) = inf{r : lim
n→∞
{ inf
Λ∈L
||Λ(Φ⊗⌈rn⌉2 )− ρ⊗n||1} = 0}.
(6)
The key difference between E
(0,∞)
c and Ec is that Ec
allows for vanishingly small error whereas the error tol-
erance in E
(0,∞)
c is strictly zero. One easily sees that
Ec ≤ E(0,∞)c ≤ E(0)c . (7)
In general all three of these quantities are difficult to
compute. However, below we determine their values for
a family of two-qubit maximally correlated mixed-states.
To our knowledge, this represents the first time that
E
(0,∞)
c has been analytically computed for a genuinely
mixed state.
To obtain the above results, we study the analogous
questions in the resource theory of quantum coherence.
We then formally map what we learn in coherence theory
to the case of entanglement.
THE COHERENCE NUMBER AND
COHERENCE COST OF A QUANTUM STATE
Recent approaches to a resource theory of quantum
coherence begin by specifying some orthonormal basis
{|i〉}d−1i=0 for the state space H of some d-dimensional
quantum system, referred to as the incoherent basis [11].
Coherence is then defined and quantified with respect to
this basis. The free states are those that are diagonal
in the incoherent basis, and any state possessing non-
zero off-diagonal terms is deemed a resource state. For
convenience, in what follows we will denote the set of
all density matrices acting on Hilbert space H by D(H)
(or simply D), the set of all diagonal states by I(H) (or
simply I), and the completely positive trace-preserving
(CPTP) map which fully dephases every input state by
∆, i.e. ∆(ρ) =
∑
i |i〉〈i|ρ|i〉〈i|. Note that ρ ∈ I if and
only if ∆(ρ) = ρ.
Different types of allowed quantum operations have
been proposed, but all of them forbid the generation
of non-diagonal states from diagonal ones. The most
well-studied operational class is called incoherent oper-
ations (IO), and it consists of CPTP maps Λ admit-
ting a Kraus operator representation {Kλ}λ in which
KλρK
†
λ = ∆(KλρK
†
λ) for all λ and all ρ ∈ I [11]. A
subset of IO is the class of strictly incoherent operations
(SIO), and an SIO map Λ satisfies the further restriction
3that Kλ∆(ρ)K
†
λ = ∆(KλρK
†
λ) for all λ and all ρ ∈ D
[12, 13]. Note that every SIO map Λ commutes with ∆,
but the converse is not true. The collection of all de-
phasing covariant incoherent operations (DIO) are those
satisfying Λ◦∆ = ∆◦Λ, and they represent a third class
of incoherent operations [20, 21].
Analogous to entanglement, the task of resource cost
can then be studied using any of these operations. For
operational class O ∈ {SIO,IO,DIO}, the zero-error cost,
regularized zero-error cost, and coherence cost are respec-
tively defined as
C
(0)
c,O(ρ) = min{logm : infΛ∈O ||Λ(φm)− ρ||1 = 0};
C
(0,∞)
c,O (ρ) = inf{r : limn→∞{ infΛ∈O ||Λ(Φ
⊗⌈rn⌉
2 )− ρ⊗n||1 = 0}}
Cc,O(ρ) = inf{r : lim
n→∞
{ inf
Λ∈O
||Λ(Φ⊗⌈rn⌉2 )− ρ⊗n||1} = 0}.
(8)
Here |φm〉 = 1√m =
∑m−1
i=0 |i〉 is the m-dimensional maxi-
mally coherent state [11]. The asymptotic coherence cost
was first proposed by Winter and Yang in Ref. [13] for
SIO and IO, and it was later studied for DIO in [22].
The zero-error coherence cost was studied by Zhao et al.
in [23] for all three operational classes. The zero-error
coherence costs under SIO and IO are equivalent, and it
can be expressed as
C
(0)
c,SIO/IO(ρ) = inf{pi,|ψi〉}
max
i
log2[rC(ψi)], (9)
where the minimization is taken over all pure state en-
sembles for ρ, and rc(ψ) is the number of nonzero terms
in the expansion |ψ〉 =∑di=1 ci|i〉. The quantity rc(ψ) is
called the coherence number, and it plays the analog of
the Schmidt number in coherence theory.
For pure states, the zero-error IO coherence cost is ad-
ditive since rc(ψ
⊗n) = rc(ψ)n. For mixed states, this
equivalence breaks down in dramatic fashion, as the fol-
lowing example shows. Consider the family of qubit
states
ωα =
1− α
2
I+ αφ2. (10)
Each state in this family represents a mixing of the max-
imally coherent state with the totally mixed state.
Theorem 1 Let n ∈ N be arbitrary and take 0 < α ≤
21/n − 1. Then
rc(ω
⊗n
α ) = rc(ωα) = 2. (11)
Proof. First observe that rc(ω
⊗n
α ) ≥ 2 for any α > 0
since ωα is an incoherent state if and only if α = 0. So
it remains to show that this lower bound is tight. In the
following we let i = (i0, i1, · · · , in−1) denote an element
in {0, 1}×n, and similarly |i〉 = |i0〉|i1〉 · · · |in−1〉. Write
ω⊗nα =
∑
i,j rij|i〉〈j|, where |i〉〈j| = |i0〉〈j0| ⊗ |i1〉〈j1| ⊗
· · · ⊗ |in−1〉〈jn−1|. Since [[ωα]]i,j = 1/2 if i ⊕ j = 0 and
[[ωα]]i,j = α/2 if i⊕ j = 1, we can express ω⊗nα as
ω⊗nα =
1
2n
∑
i,j∈{0,1}×n
αnij |i〉〈j|, (12)
where nij =
∑n−1
k=0 (ik ⊕ jk). Our goal now is to further
express ω⊗nα as a convex combination of pure states, each
having coherence number no larger than two. We claim
that
ω⊗nα =
1
2n
∑
i6=j
αnij |Aij〉〈Aij|+ 2− (1 + α)
n
2n
I,
where
|Aij〉〈Aij| = 1
2
(|i〉〈i|+ |i〉〈j|+ |j〉〈i|+ |j〉〈j|) .
Clearly this decomposition correctly recovers all the off-
diagonal elements of ω⊗nα . To check correctness of the
diagonal terms, first notice that by symmetry∑
j∈{0,1}×n
αnij =
∑
j∈{0,1}×n
αni′j
for any sequences i and i′, which implies that every diag-
onal term is the same in the part 12n
∑
i6=j α
nij |Aij〉〈Aij|.
Hence it suffices to consider the coefficient of |0〉〈0|, which
is given by 12n
∑
j6=0 α
n0j . The number n0j is simply the
number of ones in j, and so∑
j6=0
αn0j =
n∑
k=1
αk
(
n
k
)
= (1 + α)n − 1 ≤ 1, (13)
by the assumption α ≤ 21/n − 1. Adding the identity by
an appropriate amount thus recovers the correct diagonal
terms of value 12n .
Note that Theorem 1 only guarantees strong non-
additivity for α ≤ 21/n − 1. In contrast, when α = 1, ωα
is pure and rC(ω
⊗n
α ) = 2
n. Hence, the coherence rank of
ω⊗nα varies between 2 and 2
n for 21/n − 1 ≤ α ≤ 1. For
α >
√
2 − 1, we leave it as an open problem to find the
coherence rank of ω⊗nα .
The next task is to consider the regularized zero-error
coherence cost of ωα. We first observe a lower bound
given in terms of the ℓ1 coherence norm [11], which is
defined as
||ρ||ℓ1 =
∑
i6=j
|〈i|ρ|j〉|. (14)
In other words, the ℓ1 norm sums the magnitude of all
off-diagonal terms of a given density matrix. Up to a
permutation of incoherent basis states, we can express
any pure state as
|ψ〉 =
rc(ψ)∑
i=1
ci|i〉. (15)
4It is well-known that the transformation |Ψrc(ψ)〉 → |ψ〉 is
always possible using IO [13, 24]. Then since the ℓ1 norm
is a monotone under IO, and since ||φm||ℓ1 = m − 1, it
follows that
rc(ψ) ≥ ||ψ||ℓ1 + 1, (16)
with equality holding whenever |ψ〉 is maximally coher-
ent. Consider now a mixed state ρ such that rc(ρ) = m.
There must exist a pure state ensemble {pk, |ϕk〉} for ρ
such that rc(ϕk) ≤ m. Using the previous inequality we
therefore obtain
rc(ρ) ≥
∑
k
pkrc(ϕk) ≥
∑
k
pk||ϕk||ℓ1 + 1 ≥ ||ρ||ℓ1 + 1,
(17)
where the last line follows from convexity of the ℓ1 norm.
Equation (17) is a general bound for all states, and when
applied to ω⊗nα we obtain
rc(ω
⊗n
α ) ≥ ||ω⊗nα ||ℓ1 + 1
=
1
2n
∑
i6=j
αnij + 1 = (1 + α)n. (18)
Combining this bound with Theorem 1 yields the follow-
ing.
Theorem 2 For 0 < α ≤ √2− 1,⌊
1
log2(α+ 1)
⌋−1
≥ C(0,∞)c,IO (ωα) ≥ log2(α+ 1), (19)
where ⌊x⌋ denotes the largest integer no greater than x.
Proof. The lower bound follows immediately from Eq.
(18) and the fact that the coherence rank captures the
zero-error coherence cost under IO. For the upper bound,
take m =
⌊
1
log(α+1)
⌋
. Then Theorem 1 implies that
rc(ω
⊗m
α ) = 2. Hence
lim
n→∞
1
n
log2[rc(ω
⊗n
α )] = limn→∞
1
nm
log2[rc(ω
⊗nm
α )]
≤ 1
m
log2[rc(ω
⊗m
α )] =
1
m
, (20)
where we use the inequality rc(ω
⊗nm
α ) ≤ rc(ω⊗mα )n.
Whenever α = 21/n−1 for some integer n, the upper and
lower bounds coincide and
C
(0,∞)
c,IO (ωα) = log2(α+ 1). (21)
THE COHERENCE NUMBER UNDER
DEPHASING-COVARIANT OPERATIONS
We next consider the question of increasing the
Schmidt rank by quantum operations. As described
above, the zero-error coherence cost under IO and SIO is
given precisely by the logarithm of the coherence rank.
Hence, the coherence rank must be a monotone under IO.
However, under DIO, the zero coherence cost is given by
a different quantity, as shown in Ref. [23] and reviewed
below. It then remains a question of whether the coher-
ence rank is still a monotone under DIO. Here we find
that DIO is indeed a monotone for pure state transfor-
mations (see also [20]), whereas for mixed states it can
be increased by an arbitrarily large amount.
For an arbitrary density matrix ρ, consider the trans-
formation φd → ρ via some CPTP map Λ. To obtain
necessary and sufficient conditions for such a map to be
DIO, let Ω := id ⊗ Λ
(∑d
i,j=1 |ii〉〈jj|
)
denote its Choi
matrix [25]. Since φd is invariant under permutations of
basis states (a valid DIO operation), we can symmetrize
over all permutations applied to the first system in Ω,
and without loss of generality we have that
Ω = φd ⊗A+ (Id − φd)⊗B, (22)
where A,B ≥ 0 and Tr[A] = Tr[B] = 1. For any state σ,
we compute
Λ(∆(σT )) =
1
d
A+ (1− 1
d
)B
∆(Λ(σ)) = 〈φd|σ|φd〉∆(A) + (1− 〈φd|σ|φd〉)∆(B).
For Λ to be DIO, these lines must be equivalent for all
σ, meaning that
1
d
A+ (1− 1
d
)B = ∆(B) = ∆(A). (23)
In summary, we have φd → ρ =: A by DIO if and only
if there exists a diagonal matrix D with Tr[D] = 1 and
off-diagonal matrix Z such that
A = D + Z ≥ 0 (24)
B = D − 1
d− 1Z ≥ 0. (25)
Solving for Z in terms of A, we reach the following.
Proposition 1 ([23]) The transformation φd → ρ is
possible by DIO if and only if
d∆(ρ) − ρ ≥ 0. (26)
In Ref. [26], the minimum d that satisfies Eq. (26) was
identified as the ∆-robustness of coherence of ρ. This
quantity is easily seen to be monotonically decreasing
under DIO, and for pure states, it coincides with the
coherence rank [20]. For completeness, we here give a
quick proof of this fact.
Corollary 1 ([20]) The coherence rank is monotoni-
cally decreasing under DIO for pure state transforma-
tions; i.e. for transformations of the form |ψ〉 → |τ〉.
5Proof. If |ψ〉 → |τ〉 is possible by DIO then so is
|φrc(ψ)〉 → |τ〉. Proposition 1 then says that rc(ψ) ·
∆(τ) ≥ τ . Writing |τ〉 =∑rc(τ)i=1 ci|i〉, we thus have
rc(ψ) ≥ 1/
rc(τ)∑
i=1
|ci|4 ≥ rc(τ). (27)
We next show by an explicit example that monotonicity
under DIO fails dramatically when the target state in the
transformation is mixed. For each non-negative integer
d, consider the family of states {|ϕk〉}d−1k=0 belonging to
C2d, given by
|ϕk〉 := 1√
d+ 1
|k〉+ d−1∑
j=0
e−ijk(2π)/d|d+ j〉
 . (28)
Each |ϕk〉 can be interpreted as the state obtained by
starting with the initial superposition
1√
d+ 1
|k〉+
√
d√
d+ 1
|d+ k〉
and performing a d-dimensional Fourier transform on the
basis vectors {|d+ k〉}d−1k=0. To make this more transpar-
ent, we write
|ϕk〉 = 1√
d+ 1
|k〉+
√
d√
d+ 1
|d˜+ k〉, (29)
where
|d˜+ k〉 := 1√
d
d−1∑
j=0
e−ijk(2π)/d|d+ j〉.
A crucial property of the |ϕk〉 for our purposes is the
following.
Lemma 1 Any linear combination |κ〉 = ∑d−1k=0 ak|ϕk〉
has coherence rank at least d+ 1.
Proof. We expand
|κ〉 = 1√
d+ 1
d−1∑
k=0
ak|k〉+
d−1∑
j,k=0
ake
−ijk(2π)/d|d+ j〉
 .
Let us suppose, without loss of generality, that all the ak
are zero except for the first t elements, {a0, a1, · · · , at}.
Then it is easy to see that
rc(|κ〉) = t+ rc
 t∑
k=0
d−1∑
j=0
ake
−ijk(2π)/d|d+ j〉
 . (30)
Observe that the coefficients of the vector in parenthesis
are given by the column matrix
~v =
√
dU
(t)
FT~a,
where ~a = [a1, a2, · · · , at]T and U (t)FT is the first t
columns of the Fourier transformmatrix, i.e. [[U
(t)
FT ]]j,k =
1√
d
e−ijk(2π)/d. Since UFT is invertible, the columns of
U
(t)
FT are linearly independent, and it follows that ~v can-
not have more than t− 1 vanishing elements. Therefore
rc
(∑t
k=0
∑d−1
j=0 ake
−ijk(2π)/d|d+ j〉
)
≥ d − (t − 1) and
so rc(|κ〉) ≥ d+ 1.
We next consider the uniform mixture
ρd :=
1
d
d−1∑
k=0
|ϕk〉〈ϕk|. (31)
Its relevance to the study of coherence rank is given in
the following.
Theorem 3 For any d ∈ N, rc(ρd) = d + 1, and more-
over the rank-increasing transformation φ2 → ρd is pos-
sible by DIO
Proof. From Lemma 1 it follows that rc(ρd) ≥ d+1 since
any pure-state decomposition of ρd must involve linear
combinations of the |ϕk〉. To show that this lower bound
is tight, we explicitly construct a pure state ensemble
for ρd, each state having coherence number of exactly
d + 1. Letting uj,k =
1√
d
eijk(2π)/d be the components
of the inverse Fourier transform, it is straightforward to
compute that
|ϕ′j〉 : =
d−1∑
k=0
uj,k|ϕk〉
=
1√
d(d+ 1)
(
d−1∑
k=0
eijk(2π)/d|k〉+ d|d+ j〉
)
.
Hence ρd =
1
d
∑d−1
j=0 |ϕ′j〉〈ϕ′j | and so rc(ρd) = d+1. Turn-
ing to the convertibility under DIO, we write
ρd = ∆(ρd) + Z
and observe that Z lies in the linear span of the matrices
{|k〉〈d + j|}d−1j,k=0. Let UZ be the diagonal matrix that
multiplies each |d + j〉 by an overall −1 phase and acts
trivially on basis vectors |k〉; that is,
UZ |ϕk〉 = 1√
d+ 1
|k〉 − d−1∑
j=0
e−ijk(2π)/d|d+ j〉

=
1√
d+ 1
|k〉 −
√
d√
d+ 1
|d˜+ k〉. (32)
As a result, we have
UZ(ρd)U
†
Z = ∆(ρd)− Z ≥ 0. (33)
By Proposition 1, the transformation Ψ2 → ρd can be
accomplished by a DIO map.
6NON-ADDITIVITY OF THE SCHMIDT
NUMBER AND MAXIMALLY-CORRELATED
DEPHASING-COVARIANT OPERATIONS
The final task of this paper is to convert the previ-
ous results into analogous statements about entangled
bipartite states. Such a mapping between coherence
and entanglement has been exploited previously in dif-
ferent contexts. The basic observation is that every d-
dimensional density matrix ρ can be associated with a
d⊗ d maximally correlated (MC) state ρ̂ according to
ρ =
d∑
i,j=1
cij |i〉〈j| ⇔ ρ̂ =
d∑
i,j=1
cij |ii〉〈jj|. (34)
Measures of coherence in ρ translate into measures of
entanglement in ρ̂ [27, 28]; in particular
rc(ρ) = rS(ρ̂). (35)
With this correspondence, Theorems 1 and 2 imply that
rS(ω̂
⊗n
α ) = 2 (36)
for 0 < α ≤ 21/n − 1, and⌊
1
log2(α+ 1)
⌋−1
≥ E(0,∞)c (ω̂α) ≥ log2(α+ 1), (37)
for 0 < α <
√
2− 1, where
ω̂α =
1− α
2
(|00〉〈00|+ |11〉〈11|) + αΦ2. (38)
Interestingly, the Entanglement of Formation is additive
for ω̂α [29, 30], and thus the entanglement cost can be
easily computed [31] as
Ec(ω̂α) = h
(
1
2
(1−
√
1− α2)
)
, (39)
where h(x) = −x log2 x−(1−x) log2(1−x). Thus, when-
ever log2(α+1) is an integer, ω̂α provides a rare example
in which the zero-error entanglement cost, the regular-
ized zero-error entanglement cost, and the asymptotic
entanglement cost can all be computed.
As a remark, we note that the lower bound of Eq. (16)
translates into
rS(ρ̂) ≥ 2N (ρ̂) + 1, (40)
where N (ρ̂) = 12 (||ρ̂Γ|| − 1) is the negativity of ρ̂ and
ρ̂Γ denotes its partial transpose [32]. This is due to the
equivalence ||ρ||ℓ1 = ||ρ̂Γ||1 [22, 28]. In fact, however,
this bound has already been established by Eltschka et
al. using direct calculation [33].
A final question is whether there exists any statement
similar to Theorem 3 in entanglement theory. More pre-
cisely, does there exist a class of bipartite operations
that cannot increase the pure-state Schmidt rank but
can increase the mixed-state Schmidt rank by an arbi-
trarily large amount? Such an operational class indeed
exists, and it represents an extension of DIO to bipartite
systems. These have been called maximally-correlated
dephasing-covariant (MCDC) operations [22], and it con-
sists of local unitaries along with any map of the form
Ê = τ ◦E◦τ , in which τ(ρ) = ∫G dg(Ug⊗U∗g )ρ(Ug⊗U∗g )† is
a twirling map with G = {Ug}g being the group of unitary
matrices diagonal in the incoherent basis {|i〉}d−1i=0 , and Ê
is any CPTP map that commutes with the maximally-
correlated dephasing map ∆̂(·) = ∑d−1i=0 |ii〉〈ii|(·)|ii〉〈ii|
while acting invariantly on all uncorrelated states |ij〉〈ij|,
i 6= j. With this form, an operational correspondence is
established
Λ(ρ) = σ ⇔ Λ̂(ρ̂) = σ̂, (41)
where Λ ∈ DIO and Λ̂ ∈ MCDC. Consequently, we have
the following corollary to Theorem 3.
Corollary 2 The Schmidt rank is monotonically de-
creasing under the MCDC transformation of pure states,
yet it can be increased by an arbitrarily large amount
when acting on mixed states.
What makes this finding particularly noteworthy is that
MCDC operations are no weaker than LOCC for pure
state convertibility. That is, if |ψ〉 LOCC−−−−→ |φ〉, then
|ψ〉 MCDC−−−−→ |φ〉. This follows from the facts that (i)
local unitaries belong to the class of MCDC (so every
pure state can be put in the form |ψ̂〉 =∑d−1i=0 ci|ii〉), (ii)
Eq. (41), (iii) the majorization of Schmidt coefficients is
necessary and sufficient for LOCC convertibility of pure
states, and (iv) the majorization of coherent amplitudes
is sufficient for DIO convertibility of pure states. It re-
mains an open question of whether the power of MCDC
is actually equivalent to LOCC for pure state transfor-
mations. This question is equivalent to whether the ma-
jorization condition is also necessary for DIO convertibil-
ity.
CONCLUSION
This paper has investigated certain behavior of the
Schmidt number using tools of quantum coherence the-
ory. In particular, the Schmidt number has been found to
be highly non-additive, even for simple two-qubit states.
In bipartite systems, the Schmidt number provides the
unique measure of stochastic LOCC (SLOCC) entangle-
ment classification, meaning that two states |ψ〉 and |φ〉
can be reversibly transformed from one to the other using
SLOCC if and only if they have the same Schmidt num-
ber [34]. We have identified a class of operations (MCDC)
that preserves this SLOCC entanglement classification
7under pure state transformations. Nevertheless, when
converting mixed states, these operations can increase
Schmidt number by large amounts. This demonstrates
that the Schmidt number behaves quite differently in
pure states versus mixed states, particularly when trans-
forming states beyond the LOCC framework.
A central focus in this paper has been computing the
regularized zero-error coherence cost of ωα. For the sit-
uation of α ≤ √2− 1, we have obtained near-tight lower
and upper bounds. We suspect that similar results can
be obtained by performing an analogous combinatorial
analysis on the multi-copy level. We leave this for fu-
ture work. The techniques in this paper can be applied
to the d-dimensional generalization of ωα, and strong
non-additivity can likewise be observed. This can be
used to compute lower bounds on the Schmidt number
of maximally-correlated states of any size.
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